Abstract. We prove a Thullen type extension theorem of plurisubharmonic functions across a closed complete pluripolar set, which generalizes a theorem of Siu. Our approach depends on an Ohsawa-Takegoshi type extension theorem for a single point in a bounded complete Kähler domain, which is of independent interest.
Introduction
Removable singularities of analytic objects, e.g., holomorphic or plurisubharmonic (psh) functions, or more generally, holomorphic maps and closed positive currents, are of classical interest and have been deeply studied. A good reference is Carleson [3] , Siu [19] , or HarveyPolking [12] . In this paper, we are going to focus on the following Thullen type extension theorem of Siu: Theorem 1.1 (cf. [18] ). Let Ω be an open subset of C n , and V a subvariety of Ω. Suppose V is of codimension ≥ 1, and G is an open subset of Ω which intersects every branch of V of codimension 1. Then every psh function ϕ on (Ω\V ) ∪ G can be extended to a psh function on Ω.
Since the result is local, one may reduce to the special case when Ω is the unit polydisc D n+1 in C n+1 , V is the hyperplane defined by z n+1 = 0, and G = D n r × D with some r < 1. Siu's proof depends on Hörmander's L 2 estimates of the∂−operator, which is also the main tool of that famous paper [18] . Harvey-Polking [12] found a different (and more elementary) approach of Siu's theorem, under the weaker condition that ϕ(z ′ , z n+1 ) extends to a subharmonic function on D for any z ′ lying in some nonpluripolar subset of D n .
We shall prove the following Theorem 1.2. Let E be a closed complete pluripolar subset of D n+1 such that E ⊂ D n ×D r for some 0 < r < 1. Let ϕ ∈ P SH(D n+1 \E). Suppose there is a set A ⊂ D n of positive Lebesgue measure such that for each z ′ ∈ A, the restriction of ϕ to ({z ′ } × D)\E is locally bounded from above near ({z ′ } × D) ∩ E. Then ϕ can be extended to a psh function on D n+1 .
Our analysis also depends on L 2 −theory for the∂−operator. More precisely, we use the following Ohsawa-Takegoshi type extension theorem: Theorem 1.3. Let Ω be a bounded complete Kähler domain in C n , and ϕ ∈ P SH(Ω). For any a ∈ Ω and any complex number c with |c| 2 ≤ e ϕ(a) , there exists a holomorphic function f on Ω such that f (a) = c and Ω |f | 2 e −ϕ ≤ const.
where the constant depends only on n and the diameter of Ω.
If Ω is pseudoconvex, the above result is only a rather special case of the original OhsawaTakegoshi extension theorem, which has, however, a significant application: Demailly's approximation theory [6] . Although the key ingredient in proving Theorem 1.3 is still the a priori inequality for the (twisted)∂−operator due to Ohsawa-Takegoshi [15] , a crucial difficulty arises when Ω is merely complete Kähler, since one can neither find in general for each ϕ ∈ P SH(Ω) a sequence of smooth psh functions defined on Ω decreasing to ϕ, nor a sequence of complete Kähler subdomains increasing to Ω, so that the classical approximating procedure of Hörmander breaks down. To overcome such a difficulty, we propose a new (and even more natural) approach by solving at first the (twisted) Laplace equations (with Dirichlet boundary conditions) on a sequence of smooth subdomains increasing to Ω, then use these solutions to approximate the needed solution of the (twisted)∂−equation on Ω with L 2 estimate. Such an idea is motivated by the work of Bando [1] .
At first sight, there seem to be no obstructions for extending Theorem 1.3 to arbitrary bounded domains. However, we shall show that the conclusion of Theorem 1.3 fails for each generalized annulus of dimension ≥ 2 (see Proposition 6.1).
Combining Theorem 1.2 with Siu's method (cf. [18] ), we may prove the following Theorem 1.4. Let E be a compact polar set in the unit disc D and
for 0 < δ < 1. Then every closed positive (1, 1)−current on Ω can be extended to a closed positive (1, 1)−current on D n+1 .
It seems that the method in proving Theorem 1.3 may be used to develop a fairly general L 2 theory of the∂−operator on complete Kähler manifolds, built on Demailly's approximation theory. We shall treat it in a future paper.
Polar sets and extension of analytic objects with L 2 conditions
Recall that a set E ⊂ R n is called polar if every point in E has a neighborhood U where there is a subharmonic function ψ not identically equals −∞, such that ψ = −∞ on E ∩ U . It is known that polarity is invariant under diffeomorphisms, thus makes sense on manifolds. Replacing subharmonic functions by psh functions, we may define pluripolar sets analogously.
For the proof of Theorem 1.2, we need the following classical result:
Let Ω be a domain in C and E a closed subset of Ω. Then every f ∈ L 2 loc (Ω) ∩ O(Ω\E) can be extended to a holomorphic function on Ω if and only if E is polar.
Based on this fact, Siciak [17] was able to show that a closed pluripolar subset E of a domain Ω ⊂ C n is always removable for f ∈ L 2 loc (Ω) ∩ O(Ω\E). In this section, we would like to give a completely different approach for the "if" part of Theorem 2.1, as well as far reaching generalizations and applications. Our start point is the following elementary gradient estimate for subharmonic functions, which seems useful for other purposes.
Consider a domain Ω ⊂ R n and a subharmonic function ψ on Ω which is not identically −∞. Then ∆ψ defines a positive Radon measure on Ω. Set E = ψ −1 (−∞) and Ω R = {z ∈ Ω : ψ < −R} for R > 0. We claim the following Lemma 2.2. Suppose furthermore E is compact, Ω 1 ⊂⊂ Ω and ψ ∈ C 2 (Ω\E). Then we have
Proof. For any positive integer ν, we take a convex increasing function λ ν on R such that λ ν (t) = t for t ≥ −ν and λ ν (t)
For positive integers ν, µ, we set
It follows from Green's theorem that
Hence
Letting ν → ∞, we immediately get the desired inequality.
Theorem 2.3. Let E be a closed polar subset of a domain Ω ⊂ R n , and
Proof. The statement is local on Ω, so we may work on a small neighborhood U of a given point z 0 ∈ E. Take an open set V ⊂⊂ Ω such that U ⊂⊂ V . Since E ∩ V is a compact polar set, there is a positive measure λ such that the corresponding potential
enjoys the following properties: p λ (x) = −∞ for x ∈ E ∩ V and p λ (x) > −∞ outside E ∩ V , in view of Evans' theorem (see e.g., [14] , Theorem 3.1). It is also well-known that p λ is subharmonic in R n and harmonic outside E ∩ V . Replacing p λ by p λ − C where C is a sufficiently large constant, we may assume p λ < 0 in U so that 
where κ is a cut-off function on R such that κ| (−∞,0) = 1 and κ| [1,∞) = 0. It is easy to verify that χ R g ∈ C ∞ 0 (U \E) provided R sufficiently large. Thus
from which (2.1) immediately follows.
Viewing the∂−equation as a finite number of first order partial differential equations, we may extend a result of Demailly (cf. [5] , Lemma 6.9) as follows Corollary 2.4. Let Ω be a domain in C n and E ⊂ Ω a closed polar set. Let u be a (p, q − 1)−form with L 2 loc coefficients and v a (p, q)−form with L 1 loc coefficients such that ∂u = v on Ω\E in the sense of distributions. Then∂u = v on Ω.
In particular, a closed polar subset E of a domain Ω ⊂ C n is always removable for f ∈ L 2 loc (Ω) ∩ O(Ω\E), in view of Weyl's lemma. Remark. It follows from Diederich-Pflug [9] that if Ω ⊂ C n is a bounded complete Kähler domain and
Another consequence of Theorem 2.3 is the following Bando type theorem (compare [1] , Theorem 1) Corollary 2.5. Let E be a closed polar subset of the unit ball B ⊂ C n , and (L, h) a holomorphic Hermitian line bundle over B\E. If the curvature Θ h of (L, h) is square integrable, then L is flat, i.e., it comes from a representation of π 1 (B\E).
In particular, if B\E is simply connected, then L can be extended to a holomorphic line bundle on B and hence is globally trivial over B\E.
Proof. Since Θ h is a square integrable d−closed (1, 1)−form on B\E, so it can be extended to a d−closed (1, 1)−current u on B in view of Theorem 2.3. Thus there exists a real-valued function ϕ on B such that i∂∂ϕ = u and ϕ is smooth on B\E. If we put h ′ = he ϕ , then Θ h ′ = 0. It follows that L is flat.
Similar as Theorem 2.3, we may prove the following Proposition 2.6. Let Ω be a domain in C n and E ⊂ Ω a closed polar set. Then every ϕ ∈ W 1,2 loc (Ω) ∩ P SH(Ω\E) can be extended to a psh function on Ω. Proof. Let U and χ R be as in the proof of Theorem 2.3. For each unit vector ζ ∈ C n and non-negative test function g ∈ C ∞ 0 (U ), we have
An integration by parts yields
Since the first integral in RHS of (2.3) is nonnegative, and the remaining integrals are dominated by
where κ ε is a standard smoothing kernel.
Proof of Theorem 1.3
Consider first a bounded domain Ω ⊂ C n with C 2 −boundary. Let g be a Kähler metric and ϕ a C 2 real function both defined in a neighborhood of Ω. Let D (p,q) (Ω) denote the set of C ∞ −smooth (p, q)−forms which are compactly supported in Ω. For u, v ∈ D (p,q) (Ω), we define the inner product as follows
where * is Hodge's star operator with respect to g. Let∂ * ϕ denote the formal adjoint of∂ corresponding to (·, ·) ϕ .
Suppose η, λ are two C ∞ positive functions on Ω. Then we have the following fundamental a priori inequality due to Ohsawa-Takegoshi [15] (see also [16] , [8] ):
for u ∈ D (n,1) (Ω). Suppose furthermore there exists a continuous positive (1, 1)−form Θ on Ω such that
Put ρ = ( √ η + √ λ) 2 and define the twisted complex Laplacian by
In view of the Friedrichs Extension Theorem (see e.g., Folland-Kohn [10] , p. 14 ), ρ admits a unique self-adjoint extension, which is still denoted by ρ for the sake of simplicity, with Dom ρ ⊂ H satisfying
for all u ∈ Dom ρ , such that the following result holds:
, there is a unique w ∈ H such that ρ w = v and
Proof. The first conclusion follows directly from [10] , p. 14. For the L 2 −estimates, we infer from (3.2) that
Now suppose Ω ⊂ C n is a bounded domain with a complete Kähler metric g. Let ϕ ∈ P SH(Ω) and η, λ two positive C ∞ functions on Ω. 
there is a solution u ∈ L 2 (n,0) (Ω, loc) of the equation∂u = v such that
Proof. Take a sequence of domains Ω j ⊂ Ω with C ∞ −boundaries such that Ω j ⊂ Ω j+1 , Ω = ∪Ω j , and a sequence of strictly psh functions ϕ j on Ω j+1 such that ϕ j ↓ ϕ on Ω as j → ∞. Applying Lemma 3.1 to (Ω j , g, ϕ j , η, λ, ρ), we get a solution w j of the equation
Furthermore, w j is smooth on Ω j in view of the theory of elliptic operators (see [11] ). Put
there is a subsequence, which is still denoted by u j , such that ρ −1/2 u j → ρ −1/2 u weakly on Ω together with estimate
Thus it suffices to show that∂u = v in the sense of distributions. Since
we only need to show that∂ * ϕ j (ρ∂w j ) → 0 in the sense of distributions. Without loss of generality, we may assume 0 ∈ Ω. Let dist g (0, z) denote the distance between 0, z, w.r.t. g. Replacing the distance function by a smoothing of it, we may also assume, without loss of generality, that it is smooth. Let χ : R → [0, 1] be a cut-off function satisfying χ| (−∞,1/2) = 1 and χ| (1,∞) = 0. For any ε > 0, we define κ ε (z) = χ(ε · dist g (0, z)). Clearly, supp κ ε ⊂ Ω j provided j sufficiently large, for g is complete. Since∂∂ * ϕ j (ρ∂w j ) = 0 holds in the sense of distributions on Ω j in view of (3.3), so we have
where " " is the contraction operator. It follows from the Schwarz inequality that
Given f ∈ D (n,1) (Ω), we may take ε ≪ 1 and j ≥ j 0 ≫ 1 such that supp f ⊂ Ω j and κ ε = 1 on supp f . It follows that
as j → ∞ and ε → 0, so that∂ * ϕ j (ρ∂w j ) → 0 in the sense of distributions.
Remark. In fact, the artificial hypothesis that v is smooth can be removed. To see this, simply take a sequence of smooth (n, 1)−forms v j converge weakly to v. Although v j is not ∂−closed,∂v j converges weakly to 0. Thus the previous argument still works.
To proceed the proof, we also need the following simple observation: Lemma 3.3. Let B ε ⊂ C n denote the ball with center 0 and radius ε. Let ϕ ∈ P SH(B ε ). For any complex number c with |c| 2 ≤ e ϕ(0) , there exists a holomorphic function f on B ε such that f (0) = c and
Proof. Put ϕ ε (z) = ϕ(εz), z ∈ B : the unit ball. In view of the Ohsawa-Takegoshi extension theorem, there is a holomorphic function h on B such that h(0) = c and
Proof of Theorem 1.3. Without loss of generality, we may assume a = 0 and |z| < e −1 on Ω. For small ε > 0, we put
we conclude that
where λ = (1−φ) 2 . Let f be the holomorphic function in Lemma 3.3. Put Θ = i∂∂(φ+|z| 2 ) and
By Proposition 3.2, there is a solution u ε of the equation∂u = v such that
and
To complete the proof, it suffices to take a limit of {f ε } as ε → 0.
Proof of Theorem 1.2
It suffices to show that ϕ is locally bounded above near E. Replacing D n+1 \E by D n+1 r \E for 0 < r < 1, we may assume that E is a closed complete pluripolar subset of a neighborhood of D n+1 . Thanks to Demailly [7] , Chapter 3, Lemma 2.2, there is a function
. Here P SH − stands for the set of negative psh functions. Thus
defines a complete Kähler metric on D n+1 \E. Let B ⊂⊂ D n be a ball and z 0 ∈ (B × D r )\E. Applying Theorem 1.3 in a similar way as Demailly [6] , we get a holomorphic function f on D n+1 \E with the following properties: f (z 0 ) = e ϕ(z 0 )/2 and
By Fubini's theorem, there exists a set Z 1 ⊂ D n of zero Lebesgue measure such that
for any z ′ ∈ D n \Z 1 . It is easy to see that there is a set
is of positive Lebesgue measure and for any
is locally L 2 near the closed polar set ({z ′ } × D) ∩ E, thus it extends holomorphically across this polar set, in view of Theorem 2.1. Observe that f ∈ O(D n × A(r, 1)) where A(r 1 , r 2 ) stands for an annulus, and for any fixed z ′ in the set A − Z 1 − Z 2 (which is of positive measure), f (z ′ , ·) extends to a holomorphic function on D. By using Laurent series expansion of f in z n+1 , we conclude that f extends holomorphically to D n+1 (compare [12] , Theorem 2.1). Now choose r < r ′′ < r ′ < 1 and ball B ′ with B ⊂⊂ B ′ ⊂⊂ D n . By Cauchy's integrals, we have
where C is a generic constant depending only on B, B ′ , r, r ′ , r ′′ . Since f (z 0 ) = e ϕ(z 0 )/2 , we obtain ϕ(z 0 ) ≤ log C + sup
ϕ.
Since B and z 0 are arbitrarily chosen, we conclude the proof.
Conjecture 4.1. Let E be a closed pluripolar subset of D n+1 such that E ⊂ D n × D r for some 0 < r < 1. Let ϕ ∈ P SH(D n+1 \E). Suppose there is a nonpluripolar subset A of D n such that for each z ′ ∈ A, the restriction of ϕ to ({z ′ } × D)\E is locally bounded from above near ({z ′ } × D) ∩ E. Then ϕ can be extended to a psh function on D n+1 .
Proof of Theorem 1.4
The idea is due to Siu [18] . The first step is to show the following Proposition 5.1. Let E be a compact polar subset of D r for some 0 < r < 1.
Put
for 0 < ε < δ < 1 and 0 < r < s < 1. Let (L, h) be a semipositive holomorphic line bundle over Ω. Let h be given locally by e −ϕ such that e −ϕ ∈ L 1 loc (G). Then L can be extended to a holomorphic line bundle over D n+1 .
Proof. Take a covering {U 1 , U 2 } of Ω where
Clearly, L is trivial over each of them. Let Γ(Ω, L) denote the space of holomorphic sections of L over Ω. We are going to show that Γ(Ω, L) generates all fibres L z , z ∈ G. Granted this, the conclusion follows from the theory of coherent subsheaf extension (compare [18] , p. 146).
Given z 0 ∈ U 1 ∩ G. Since U 1 is pseudoconvex and h = e −ϕ ∈ L 1 loc (U 1 ∩ G) with ϕ ∈ P SH(U 1 ), there exists s ∈ Γ(U 1 , L) such that s(z 0 ) = 0 and U 1 |s| 2 h < ∞, in view of the Hörmander-Bombieri-Skoda theorem. Since L is trivial over U 2 , there exist a global frame ζ on U 2 and a function ϕ ∈ P SH(U 2 ) such that h = e −ϕ . Write s = f ⊗ ζ with f ∈ O(U 2 \E). As
and ϕ is locally bounded above near E, it follows that f can be extended to a holomorphic function on U 2 , in view of Corollary 2.4. That is, s can be extended to a holomorphic section of L over Ω which generates the fibre L z 0 . Now let z 0 ∈ U 2 ∩ G\U 1 . There is f ∈ O(U 2 ) such that f (z 0 ) = 0 and U 2 |f | 2 e −ϕ < ∞. Put s = f ⊗ ζ. A standard application of Hörmander's L 2 estimates for the∂−operator yields a section s 1 ∈ Γ(U 1 , L) such that s 1 = s on
Similar as above, s 1 may be extended to a holomorphic section s 2 of L over Ω. Since
for 0 < r < 1, and multiplying u by a sufficiently small positive number, we can assume without loss of generality that the Lelong number n(u, z) of u at z is less than 2 for
where 0 < ε < δ and r < s < 1. Choose an open covering {U j } of Ω consisting of polydiscs, and ϕ j ∈ P SH(U j ) such that u = i π ∂∂ϕ j on U j . By a theorem of Skoda [20] , we have
(Ω, Z), R) = 0 (note that every 2−cycle in Ω is homologous to a 2−cycle in the contractible domain D n δ × D via the homotopy given by (z ′ , z n+1 ) → ((δ + t(1 − δ))z ′ , z n+1 ), t ∈ [0, 1], thus H sing 2 (Ω, Z) = 0), we conclude that there exists c jk ∈ R skew-symmetric in j, k such that
on U jkl . Put g jk = exp(f jk − ic jk ). Then there is a holomorphic line bundle L over Ω with transition functions {g jk } for the covering {U j }.
Thanks to Proposition 5.1, we conclude that L is globally trivial over Ω. Hence there are nowhere zero holomorphic functions g j on U j such that g jk = g k g −1 j on U jk . Let ϕ be the psh function on Ω which equals ϕ j + 2 log |g j | on U j . By Theorem 1.2, ϕ can be extended to a psh function on D n+1 , so that the closed positive (1, 1)−current i π ∂∂ϕ on D n+1 extends u.
Domains on which the conclusion of Theorem 1.3 fails
A generalized annulus is a domain defined as A := D\D 0 , where D 0 ⊂⊂ D are two smooth bounded domains in C n . We are going to show Proposition 6.1. If n ≥ 2, then the conclusion of Theorem 1.3 fails for A.
Proof. Suppose on the contrary Theorem 1.3 holds on A. We are going to show that every smooth psh function on A can be extended to a psh function on D. This would contradict with a theorem of Bedford-Taylor [2] that there always exists a smooth psh function on A which does not admit a psh extension to any larger domain. Now fix a smooth psh function ϕ on A. For each positive integer m, we define H 2 (A, mϕ) to be the Hilbert space of holomorphic functions f on A such that A |f | 2 e −mϕ < ∞.
Let K mϕ denote the related Bergman kernel. Since Theorem 1.3 holds on A, we may prove similarly as Demailly [6] the following (6.1) Since {ϕ j } j≥1 is a decreasing sequence of psh function on D, so the limit functionφ is also psh on D. On the other hand, we have ϕ j → ϕ pointwise on A in view of (6.2), so that ϕ = ϕ on A.
